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Abstract. A new algebra & is presented by directly extending the Birman-Wenzl algebra.
If a braid group representation with four distinct eigenvaiues satisfies & then it can be
Yang-Baxterized to derive the solution of the Yang-Baxter equation in terms of our
standard scheme.

1. Imtroduction

Much progress has been made in deriving solutions of braid group representation
(BGR) which may be considered as an appropriate limit of the Yang-Baxter equation
(vBE) when the spectral parameter x =exp(—u) disappears. In this limit one obtains
the YBE with no x dependence, also known as braid relation which solutions are BGRs.
The standard BGR can be obtained through the representation theory of quantum
algebra by many authors including Drinfeld [1], Jimbo [2-4], Reshetikhin [5] and by
taking limit of statistical models as discussed in [6-8] or by direct calculation [9-11].
The non-standard BGRs can be computed in the similar way [12-18]. Some of them
are super-extension of standard ones [ 17] whereas some are not [12-15], but they may
preserve the quantum double [1, 19, 20].

In the previous works [21, 22] the following results have been made.

{1) The Yang-Baxterization prescription is established to incorporate the x depen-
dence into the BGRs regardless whether or not BGRs are standard or non-standard, even
regardless whether BGRs possess projectors or not.

(2) If BGRs obey certain algebra then the Yang-Baxterization works. This perception
was first noticed by Jones [21]. For instance, for N =2 it is related to Hecke algebra,
where N is the number of distinct eigenvalues of considered BGrR. When N =3, as
shown in [24] that the Birman-Wenzl algebra (pwa) sufficiently satisfies the Yang-
Baxterization condition for the case {(a)

fI63+f305 0+ 167 +f767=0 (1.1)
where

0 =87'87'ST - 8787185

0:= 587" = 587 +83'8 - 878

07 =551 - 55"
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and f3, f>, f5 are given by

f;=A;1 fi=-x
3= =Az A3 A+ A2) (A + As)
fY=FA3 L.

So that, in general, the Yang-Baxterization and its relationship with swa have been
solved for N =3,

(3) However, for N =4 there has not yet been a satisfactory algebra in accordance
with the Yang-Baxterization for N =4. Wadati et al [23] made progress in giving a
spin model, but it does not connect with the Yang-Baxterization. Hinted by all the
known results the Yang-Baxterization should be related to certain algebra.

In this paper we shall, in parallel to Bwa, establish a new algebra & induced by
Yang-Baxterization for N =4, which is an extension but more complicated.

2. Main results for algebra </(E, 7.7, )

We want to derive trigonometric solutions of YBE

Rvu(x)ﬁzs(x}’)ﬁu(J’) = fézs()’)ﬁu(xﬂ-ﬁzz(x) (2.1)
through the Yang-Baxterization for given BGr T satisfying
T Ty T =TT Ty (2.2)
with
R(x=0)=constantx T R(x=1)=constantx I R(x)R(x™ Y =p(x)I. (23)
23

As is known that BGR can be expressed by the form

T= f‘, AP, (2.4)

p=1

for N =4, where P, are the projectors and A, are distinct eigenvalues of 7, and the
suggested form of R(x) is given by [22]

R(x)=A(x)T*+B(x)T+ C(x)I + D(x) T (2.5)
where
Afx)= (MMM)—'(M" f\t)_l(f\th— ArAz)x(x—~1)

B(x}=—A (x— 1)[1+ Azds

(AzA51 4) !
Ay—

((Az"' Asd(Aads— AgAs) — AgAS - 1\21/\3)]

Clx)= (LA + 2205 F A (Ahs = ALAz) + Ashs (03— A%)

+/\1A4(}L3)‘4‘ )‘IA-Z)]x +[A§A4(’\1+A:) - )\1)‘22(*‘3'*‘3-4)]3‘}
D(x)=Ar(x+ (M“M)_I(Aa“f\z))x(x_ 1)

and
= (él,\,) - (é,’\“’\") T+ (ré.:v’\"\“'\”)l - (.,11 Ap) T (27)
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where [ is the unity in V x V. We would like to emphasize that there is not a general
theory of state what kind of BGRs make equation (2.5} work. Our task is to find an
algebra o such that equation (2.5) sufficiently satisfied if BGR obeys &/,

Let us define

T,=51®..0L,8T®L.®...®1, (2.8)

E=1®.. @I ®ERL.®.. I, (2.9)
where

E = aP,. (2.10)

It is worth noting that equation (2.10) is a direct extension of Bwa where §~S7'~ P,
for § being BGr and P; is only related to the largest submatrix in a block diagonal
structure of BGr [24].

Consider that the P, can be represented by

> (T-1)

P,= 2.11
4 5'13] (/\-4 - -‘h-y) ( )
we thus rewrite the reduction relation (2.7} in the form
3
Tf=ﬁ17}—BQI;+ﬁ3T:1+r\ZI( [1 (4’*4‘%)) a ' E; (2.12)
v=1
with
3 3 3
ﬁ1= Z Av B2= Z ’\,uAv B3= H ’\v'
r=1 m<r v=1
To search for algebra of(E, T, T™!, I} we recast equation (2.5) to the form
2
R(x)=Ax*T '+ 3 x’' MO +A'T (2.13)
J=1

where

Mi=agT '+ bl +¢T+dE (j=1,2) (2.14)
in which :
ar=—AA305" by=A313'b, e =—A1"'A a4
@ = 0145 (A3 = A) b= 27" AT (A Ag)(ApHAs) e ==A3' (2.15)
dy=—dy =23°B5 (A= A}Ae = A3)(Azhy— AyA5)a ™",
Qur main result is the following theorem.
Theorem. If (1) 8GR T satisfies equation (2.7} and CP-invariance

T =T252¢ (2.16)

(ii) E is defined by equation (2.10), and (iii) the eigenvalue A, appears only in the
largest sub-block matrix once, then there exists an algebra &(E, T, T™', I') associated
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with equation (2.5). Besides equation (2.12) the algebra & contains the following

relations

ET;\ T =
EiEitl Tz*
LEa T

T 1= Ty TiTisy (2.17)

TT,=TT, EE=EE, (i-j>1) (2.18)

El=qF, ET = TE =A\E (2.19)

EE,.E = E, ET.. E = pAl'E, {2.20)

and the descendent of equations (2.12), (2.17)-(2.20)

T2 T By = p* EEss, (2.21)

wET T BB = w™ TTLE, (2.22)

=pu' T BT ET:\Ei=p"'\E, (2.23)

3
ET.T —33 [#inTi_zll“#BlEinﬂ +BZ-E"TE=I"".'-W\;2 Hl (1\4"l\v)a‘_151] (2-24)

3
TrlTiilEi =)3;] [#21-.:15—#;315::15:+;321-;¢1E.'—PJL:E 1:[1 (/\'4_‘&”)&,_151] (2-25)

3
E:'Ti-tllT'i = BIEfT:T:l_#-]B2E:EmI +#_2337-}::1£j _{_“-1,\4-1 H (Aa— "'u)a_IEi (2-25}

r=]

1
TtTf;ILEi =5 T:hllEi _“_IB2E|:HE1‘+#_2ﬁ3ntlEi+#_1A;l H (/\4'/\w)a_1-5f (2.27)
r=1

Iy

e=x k=134

where

hz@i + hz@z + hs@s + h6®6 ={ (2-28)

O =TT, TH - T\ T TE,

0,= Ti_l Tyt Ti:lTa_l - Ti_illn - T;Tr‘_.tll
03 = T - T,

Chy _EiT?;II'{'Tm:l Ei:lTA*I—TflEml
0;=TE;\Ti— Ti2, ET.s

(2.29)
®6= E-E.,
hT=AJ_I hy=-A :=by h§=i.\;lb2
T=ATIAA5% A d, h: =~23'A.85 u'd, Bs= AT A% A4ds

3
o= 173" (11 Om ) ™)== 2705 A
pe]

The details of proof will be given in the next section. Let us first make a brief
interpretation to equations (2.17)-(2.29). The equation (2.10) means that a considered
BGR T possesses block diagonal structure

T=diagblock{T,,, Tty T Too Ths ooy Ty Tht) (2.30)
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where T, stands for the sub-mairix with the largest size. If the eigenvalue A, appears
in T, only then the P, is related to T,. The situation is similar to Bwa where the
eigenvalue A, appears in its T,. We thus define E proportional to P, and equations
(2.19)-(2.23) can be followed. Only the parameters & and w are left to be determined.
The equations (2.24)-(2.27) are the consequence of equation (2.12) combining with
equations (2.17)-{2.23). All these relations are a direct extension of Bwa. However
equations (2.17)-(2.27) are not closed. One needs a relation concerning 7,T;., T and
T7' T, T7' to form algebra & The equation (2.28) is nothing but the wanted one.
Substituting equations (2.13) and (2.14) into equation (2.1) after lengthy caleunlations
we derive equations (2.28) and (2.29) that together with equations (2.17)-(2.27} com-
plete all the relations forming algebra S(E, T, T™', I). It is worth noting that the
situation here is different from Bwa where the relation equation (1.1) corresponding
to equation (2.28) is automatically satisfied by Bwa [24]. In the next section we shall
give the proof of the above results.

3. Proof of the main results

Consider that E is only related to T, we can write E in the following form
E= Z rar—bea—b®e—ab (31)
ab

where a, be[-(N-1)}/2, - (N-=1)/2+1,...,(N—-1)/2], and {ey)un = 8.6u.. If the
coefficients r, satisfy relations:

Faf_q =1 Zr—aTab_'f-(‘"- (32)

then equations (2.20) can be obtained. In terms of equations (2.20) and (2.12) it is not
difficult to derive equations (2.21)-(2.27). The difficulty is in determining the parameters
@ and p and deriving equation (2.28) that are made by substituting (2.13) into the
v¥BE (2.1) and employing equation {2.17). We then derive the following set of equations

MPTHMP+ A TEME T =MEITHIMP + A T MY T3] (3.3)
TIIM(Z’M‘2}+ Mtz} “)_'M(E)M{Z)ng +MOT M(z) (3.4a)
MEPMP T +MET; M“”— RMEME+MPTHMY (3.4b)
T“M‘Z’M‘”+A4‘M¥?T i Tio= MBI ME T3 + A7 T T ME) (3.50)
MEMETE AT T Ta ME = T MEMY + AT M TH Ty (3.5b)

MEMEME + A M TEMEP+ A TEMY T
=Mtzg)M%)Mgzzl+/\1M“)T121Mm+f\ T MY T, (3.6)
MEIMEMP+ M T MIM2+ a0 MU TH T,
=MEMEME + A MEMPTE + 047 Ty T MY (3.7a)
MEOMIMEP+AMEPMY T+ 027 T T M
= MEMEME + M T MY ME+ A MY T T (3.7b)
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MTEMEMP + AT MEIMEY T, = MEIME T AT T MO MY
MMEMETHI+ A7 T MEME =2 T MEMEY + A0 MG ME T,

MEMEMP+MEMEME + A TE T TR + MAP T TR Ty

= MEMEMZ+MEMEME + 300 T3 T T3

FAAP T Ty Tos

MEMIME + A7 MEME T+ 1A T T MY

= MEMEME + A5 T ME MY+ A AT ME T, T3
MEMEME+2 ToMEME + 107 ME T, TH

= MEMEPME + AT MY ME Ty + A AT T TeME
MEMEME + A MEP T, M + A T ME T,

MEMEME + 0 ME T ME + A T M T

MEME T+ 0, TH TaMy = T MEPME + A MY T, T2
TMEME+ A ME T TH = MEM P T+ A, T3 T MY
M(UM(!) Ti2+ Mﬂ] TZBM(llz) = Tg;M“)MU) + M(I)TuMl'I)

211‘,1(1)}\4(1> (1)T23M(2) (”M“)Tu‘i‘MmﬂgM“]

MOT, MY+ A7 T MY T = M T MY+ A7 T M Ty,
Since T satisfies CP-invariance it holds

(AIZB23C12)def (A23BI2C23)—f—e—d

(3.8a)
(3.8b)

(3.9)

(3.10)

(3.105)

(3.11)

(3.12a)
(3.12b)

(3.13a)
(3.13b)

(3.14)

(3.13)

for any BGRs. It follows that any two equations appearing in the pairs given by equations
(3.4), (3.5), (3.7), (3.8), (3.10), (3.12), (3.13) are equwalent to each other. Using the

relation

M“’+M‘2’=—,\,T"'+(1+ﬂ)(1+"—2)(1+ )1 -AT
Az As Aa

it follows
Eq(3.3)+Eq(3.4)+Eq(3.5)=0
Eq(3.12)+Eq(3.13)+Eq (3.14)=0
A Eq(3.5)+Eq (3.8)+A:' Eq(3.12) =0
Eq (3.6)+Eq (3.8) = Eq (3.10)+ Eq A3 (3.13)
A, Eq(3.4)+Eq(3.7)+Eq(3.10)+ A2’ Eq (3.13} =0
Eq(3.9)=A, Eq (3.4)+Eq(3.2)+ ;' Eq(3.13)
Eq (3.8)+Eq (3.10)+Eq (3.11)+ A; ' Eq (3.13) =0

(3.16)

(3.17)
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namely, only five equations in (3.4)-(3.14) are independent. We choose the following
equations as the independent ones.

MPTHEME+ M THMETE = MEOTHIMP + 0T ME TS (3.18)
TaMEMEP+MEITEMY = MEME T + MY TR ME (3.19)
MT MU MY + AT MEME T = A MY ME T35+ A3 T ME MY (3.20)

MEMEMY +ATMEME T+ A0 T TaM P

=My MIPMB+ A TaMP MY+ 20 ME T, T3 (3.21)
MY Ty MY+ 23 TuMY Tia = M3 Ty, MG + A7 Ty MY T (3.22)

If BGr T satisfies equations (3.18)-(3.22) then the vBE (2.1} is satisfied.

The equations (3.18)-(3.22) provide the over constraints to the algebra since
relations equations (2.17)-(2.27) have covered all the closed property of &(E, T, T™', I)
except only one more relation concerning T,T7.,T; and T;'T,., T7". We thus have to
choose the parameters « and u such that all the five equations (3.18)-(3.22) are
equivalent, namely only one relation is independent and is just equation (2.28) with
equation (2.29). In the following we shall verify this point.

Substituting equation (2.14) into equation (3.18) and (3.22) we obtain

10T + A,0,07 ~ by @, — b30T + A, by(T? - Tily)

+dy BT T+ TTAE - B T7 ' Toay = Tiaa T7 ' Bia)

+ bady®r — A P05+ A~ 50, =0 (3.23)
and
22,02+ 207+ a,b,0,— 20T+ 010, (T2 - T3,

+a;d) (BTt T+ T Ty B = B TiTi, — Tl TEiw)

+ b, d, 07 + A7 d, 05+ AL 1B, =0. (3.24)
After calculations we find that when

e mhAA (3.25)
= A A7 AT (A= A2) (A — A3) (Aah s — A1 A5) B3 0

then equations (3.23) and (3.24) are equivalent to each other. Next by substituting
equation (2.14) into equations (3.19), (3.20)} and using equation (3.25) one gets

AAsAs Eq(3.19)+Eq(3.20)=0 (3.26)

i.e. equations (3.19) and (3.20) are equivalent to each other. Similarly, one can verify
that

A A302 Eq(3.19)+Eq(3.21) =0

(3.27)
¢; Eq(3.18)—¢; Eq (3.19) =0.
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In summary we conclude that there is only one independent equation among equations
(3.18}-(3.22} if the parameters « and u are given by equation (3.25}. Choosing equation
(3.22) as the independeat relation we can simplify it in following form

A'aOf +al07 + a0y, + (A7 By — b)) b, ®F + A7 85,05
+(B3' B2y +b,)d, 67 + B3 P a, 5,07 + A7'd, 05

+{AIZ( ﬁ (M—Au)) a"(bn“214135101611)4'-\21#5!':;} Bs=0 (3.28)

w=]

that can be recast into equation (2.28). We thus complete the proof.

4. Conclusion

We have presented an algebra s£(E, T, T™', I') forming by equations (2.17)-(2.29) and
verified that if BGRr T satisfies o then R(x) given by equation (2.13) solves YBE. Similar
to Bwa which is closely related to the Yang-Baxterization of T with three distinct
eigenvalues the algebra & is induced by the same probilem but with four distinct
eigenvalues.

The simplest example satisfying & is BGR associated with 4-dimensional representa-
tion (spin ) of SU,(2). In the case we have

)t1=1 )t2=_t3 J\3=ts }\4_—'_16.
By taking &= —(—A2A3A7")"? we obtain
w=—1t2 o = 4 12 M 32

The result coincides with those of Wadati er al [23]. Under the case E is given by
equation (3.1) with

ra=t“(l/2)a GE[—%, —%!%s g]'

This example also checks our general results.

Another example is BGR associated with 7-dimensional representation of G, which
possesses the typical structure to yield equation (2.10). In this case the four distinct
eigenvalues are given by
-3

Ai=-u Ar=1u Ay=-1 Ag=u"b,
By taking u ={(—-A1A347")"/? we obtain

p=1 e=w'+uttutl+u "t +ut+u
and

e =gt

where ae[-3, -2, -1,0,1, 2,3l and e,=1 (a=-3, ~1,3), ~1 (a=—-2,0,2). d is
defined by

a-1 (a=3,1)
d=1a (a=2,0,-2)
a+i (a=-1,-3).

This sGr can be Yang-Baxterized to satisfy equation (2.1} through equation (2.13},
which have been shown in [25].
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It is expected to find more examples obeying & and set up the connection with
link polynomials.
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